In this paper, we obtain the forcing independent domination number of some special graphs. Further, we determine the forcing independent domination number of graphs under some binary operations such join, corona and lexicographic product of two graphs.
Introduction
is an independent dominating set of G if T is both independent and dominating set. The independent domination number γ i (G) of G is the minimum cardinality of an independent dominating set. If S is an independent dominating set with |S| = γ i (G), then we call S a γ i -set of G. A maximum independent set (α-set) is an independent set of largest possible size for a given graph G. This size, denoted by α(G), is called the independence number of G.
Known Results
Theorem 2.1. [4] For any graph G, n 1+∆ ≤ γ i (G) ≤ n − ∆. Theorem 2.2. [4] The independent domination number of a cycle C n with n ≥ 3, a path P n with n ≥ 1 and complete bipartite graph K r,s are given by i. γ i (P n ) = γ i (C n ) = n 3 , ii. γ i (K r,s ) = min{r, s}. Theorem 2.3. [2] Let G be a connected graph and H be any graph.
Then
Theorem 2.4. [2] Let G be a connected graph of order n and H any graph with γ i (H) = 1.
Theorem 2.5. [2] Let G and H be nontrivial connected graphs.
A subset
if and only if S is an independent dominating set in G and T x is an independent dominating set in H for every x ∈ S. Corollary 2.6. [2] Let G and H be nontrivial connected graphs.
Corollary 2.7. [2] Let G be a connected graph and K n the complete graph of order n ≥ 1.
Main Results
The next two results follow directly from the definition of forcing independent domination and Theorem 2.1.
(ii) f γ i (G) = 1 if and only if G has at least two γ i -sets and there exists a vertex which is contained in exactly one γ i -set of G.
Remark 3.2. Let G be any graph of order n. Then Proof. Suppose that f γ i (G) = γ i (G). Let S be a γ i -set of G. Then, by assumption, γ i (G) = |S| = f γ i (G), that is, S is the only forcing subset for itself. Let x ∈ S. Since S\{x} is not a forcing subset for S, there exists a y x ∈ V (G)\S such that [S\{x}] ∪ {y x } is a γ i -set of G. Conversely, suppose that every γ i -set S of G satisfies the given condition. Let S be a a γ i -set of G such that f γ i (G) = f γ i (S). Suppose further that S has a forcing subset P with |P | < |S|, that is,
Hence, S is the only forcing subset for S. Therefore, f γ i (G) = |S| = γ i (G). 
Proof. Each vertex of K n forms a γ i -set of K n , so by Remark 3.1, the result follows.
Theorem 3.5. For any path P n with n ≥ 1 vertices,
Proof. Suppose that P n = [u 1 , u 2 , . . . , u n ]. By Theorem 2.2(i), γ i (P n ) = n 3 . Note that P 1 ∼ = K 1 . Then f γ i (P 1 ) = 0 by Theorem 3.4. Next, let n ≥ 2 and consider the following cases:
Theorem 3.6. For any cycle C n with n ≥ 3 vertices,
Next, let n ≥ 3, where n = 4, and consider the following cases:
Then for all j ∈ {1, 2, 3}, I j ∩ N (I j ) = ∅ and |I j | = n 3 . Thus, I 1 , I 2 and I 3 are the only γ i -sets of C n . Clearly, I 1 contains an element which is not in Suppose that both G and H have no unique γ i -sets. We may assume that f γ i (G) ≤ f γ i (H).
Since every γ i -set of G and H is a γ i -set of G + H, 
where A is an independent set (may be empty) of G and S v is an independent dominating set of H v for all v ∈ V (G)\A.
Theorem 3.17. Let G be a connected graph of order n and let H be any graph with
Theorem 3.18. Let G be a connected graph of order n and let H be any graph with
Theorem 3.19. Let G be a connected graph of order n and let H be any graph with γ i (H) = 1. Then
Proof. Since γ i (H) = 1, by Theorem 3.17,
Since H has a unique γ i -set and any vertex v ∈ V (G)\T is adjacent to a vertex in T , no element in U can be replaced by any vertex in v + V (H v ) for all v ∈ V (G)\T to form another γ i -set of G • H. Hence, T is uniquely contained in S, that is, T is a forcing subset for S. S and B ⊆ S , a contradiction. Hence, B T . Let z ∈ T \B and
This is a contradiction since B is a forcing subset for S. Therefore, f γ i (S) = |B| = |T | = γ i (G). Now, suppose that H does not have a unique γ i -set. Let C be a γ i -set of G • H and let S be a forcing subset for C. By Theorem 3.17,
with C * = C and S ⊆ C * . In either case, we get a contradiction. Thus, S = C and
Theorem 3.20. Let G be a connected graph of order n and let H be any graph with γ i (H) = 1. Then
In 
Then by Theorem 3.18,
Suppose that G does not have a unique α-set. Let A be an α-set of G and let D A be a forcing subset for A such that f α(
Let S be a forcing subset for C 0 such that f γ i (C 0 ) = |S|. Since each H v has a unique γ i -set R v , S ⊆ A 0 . Since S is a forcing subset for C 0 , S must be a forcing subset for the α-set A 0 . Thus,
Case 2: Suppose that H does not have a unique γ i -set.
Let Q be a γ i -set of H with f γ i (H) = f γ i (Q) and let P Q be a forcing subset for 
